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Abstract 

We present unfolded description of AdS^ black hole with generic parameters of 
mass, NUT, magnetic and electric charges as well as two kinematical param- 
eters one of which is angular momentum. A flow with respect to black hole 
parameters, that relates the obtained black hole unfolded system to the covari- 
ant constancy condition for an AdS^ global symmetry parameter, is found. The 
proposed formulation gives rise to a coordinate-independent description of the 
black hole metric in AdS±. The black hole charges are identified with flow evo- 
lution parameters while its kinematical constants are the first integrals of the 
black hole unfolded system expressed via invariants of the AdS& global symme- 
try parameter. It is shown how the proposed method reproduces various known 
forms of black hole metrics including the Carter and Kerr-Newman solutions. 
Free flow gauge parameters allow us to choose different metric representations 
such as Kerr-Schild, double Kerr-Schild or generalized Carter-Plebanski in the 
coordinate-independent way. 
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1 Introduction 



In the paper pQ Kerr black hole in four-dimensional AdS space-time was shown to 
admit unfolded formulation based on the Killing equation and the equation for the so 
called Papapetrou field. As a starting point we used the following well known facts 

m 

• Four- dimensional Einstein black holes are of Petrov D-type. In asymptotically 
flat space Riemann tensor is built of the derivatives of a Killing vector (Papa- 
petrou field). 

• Kerr-Schild Ansatz reduces nonlinear Einstein equations to linear Pauli-Fierz 
equations both on flat and on AdS background. 

The first property was generalized in [1] to the black hole on AdS^ space within spinor 
approach leading to the description of AdS 4 Kerr black hole Weyl tensor in terms 
of AdS± Papapetrou field. Then we were able to show that AdS 4 black hole Kerr- 
Schild vector has background covariant nature and is built of AdS 4 Killing vector via 
certain coordinate-independent Killing projectors. This allowed us to describe Kerr 
black hole in AdS 4 covariant way via field redefinition of the AdS 4 global symmetry 
parameter covariant constancy condition. The important questions that have not 
been yet considered in [TJ include 

• As the unfolded formulation is by construction coordinate-free how does a par- 
ticular choice of the AdS 4 global symmetry parameter affects the diffeomorphic- 
invariant properties of the resulting Kerr-Schild metric? 

• How the approach of [1] can be generalized to a wider class of four-dimensional 
black holes to include electric charge, NUT parameter, etc.? 

In this paper we answer these and some related questions. In our work we stick to 
the idea of [1] that AdS 4 global symmetry parameter covariant consistency equation 

D o K AB = 0, D 2 = 0, (1.1) 

where A, B = 1,...,4 are the AdS 4 spinor indices and D is the AdS 4 covariant 
differential, admits a parametric deformation into a wider class of black holes. A 
novelty, however, is to rewrite (II .ip in terms of Killing vector and source-free Maxwell 
tensor field, rather than using Papapetrou field as in pOj. This redefinition turns out 
to be very convenient being particularly natural taking into account that all four- 
dimensional Einstein-Maxwell black holes have curvature tensor built of a sourceless 
Maxwell tensor. It follows that simple consistent deformation of (11.11) that preserves 
Killing and Maxwell properties of the system leads to Petrov D-type Weyl tensor 
with Ricci tensor given by Maxwell energy-momentum tensor and constant scalar 
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curvature of AdS± space-time (A = 3A 2 ). Defined this way unfolded system contains 
three real parameters Ai G C and q G R instead of one real parameter of Kerr black 
hole mass of [1J. We show that Re Ai and Im Ai correspond to black hole3 mass 
and NUT charge, respectively, while q = 2(e 2 + g 2 ), where e and g are electric and 
magnetic charges, respectively 

In general, the obtained black hole unfolded system reproduces the so called Carter- 
Plebanski family of solutions, which in addition to aforementioned four real curvature 
parameters (Re Ai, Im Ai, q, A) have two kinematic constants related to angular 
momentum a and certain discrete parameter e [3], HI [5] . These kinematic parameters 
are shown to arise in the black hole unfolded system (BHUS) as two invariants of 
unfolded equations (first integrals). 

To obtain explicit expressions for the metric resulting from our unfolded equations and 
to validate it is indeed of Carter-Plebanski family we use an efficient integrating flow 
method analogous to the one developed in 0, [7J for higher spin nonlinear equations. 
Applying the consistency requirement [d x ,d] = to BHUS, where x — CM,q) are 
the deformation parameters and d is space-time de Rham differential, we derive the 
first-order differential equations in the x parameter space for all fields involved, i.e., 
vierbein, Killing vector, etc. The obtained flow equations can be easily integrated 
with the initial data Ai = 0, q = that correspond to pure AdS$ vacuum leading to 
the coordinate-free description of generic Carter-Plebanski family of metrics. 

The integrating flow reveals remarkable properties of the black hole parameters. In 
particular, the kinematic parameters turn out to be related to two invariants 

C 2 = \k ab K ab , C 4 = ^Tr(K 4 ) (1.2) 

of the AdS± algebra sp(4) which are modules that characterize the vacuum unfolded 
system. For example, a static black hole corresponds to 

C 4 = C\ . (1.3) 

One of the motivations for this work was to elaborate the unfolded approach to 
classical black holes appropriate to the analysis of black hole solutions in the spinor 
form of Ad higher spin gauge theory in the form of [H [9], [7J (see also [TUl [HI [13l [12] 
for reviews of higher spin theory). In [1] we have shown that at least at the free 
field level the black hole solution admits a natural extension to higher spins. The 
natural question for the future study is whether those would receive corrections had 

1 The term black hole that will be used throughout the paper is strictly speaking abuse of termi- 
nology as we do not restrict metric parameters to the domain that corresponds to the existence of 
horizons and absence of naked singularities. 
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the interaction switched on. To study this interesting question it is necessary to have 
black holes description in the spirit of higher spin unfolded formulation of [8, 9, 7J. 
In this paper we show that such a formulation is indeed available. 

We believe, however, that the results of this paper may on their own right have 
useful applications in black hole physics. In particular, a wide class of black hole 
metrics formulated in coordinate-free form allows one to obtain straightforwardly 
their realization in any background coordinates. Moreover, by choosing appropriately 
free parameters in the integration flow one can reduce metric to either Kerr-Schild or 
double Kerr-Schild or "generalized" Carter-Plebanski form depending on the number 
of deformation parameters. 

The rest of the paper is organized as follows. We start in Section [2] by summarizing 
main results obtained in this paper. In Section [3] we reformulate Einstein gravity 
using the Cartan formalism being most appropriate for our analysis. In Section H] 
starting from the Killing equation in AdS^ we rewrite it in the unfolded form. Then 
we study its properties, particularly, find the first integrals, discrete symmetry, intro- 
duce certain Killing projectors giving rise to four Kerr-Schild vectors. In particular 
in Subsection 14.41 invariants of the AdS^ symmetry algebra sp(4) are discussed in con- 
nection with Killing symmetries of the system. Generic black hole unfolded system, 
obtained as a parametric deformation of initial AdS^ unfolded system, is presented 
in Section We find that BHUS inherits most of the pre-deformed properties and 
symmetries. In particular, it expresses Weyl tensor in terms of Maxwell field making 
it manifestly of Petrov D-type. In Section [6] we apply the integrating flow technique 
to obtain the first order differential equations with respect to the deformation param- 
eters that encode generic black hole solution. Integration of obtained flow-equations 
with AdS± initial data is carried out in Section [7] giving rise to AdS± covariant and 
coordinate-independent description of black hole metric. In Section [8] we use partic- 
ular coordinate system for AdS± space-time and its unfolded system. It allows us to 
reproduce in Subsection 19 . II canonical form of Carter-Plebanski metric and to identify 
BHUS modules with the physical black hole parameters. Section [10] contains sum- 
mary and conclusions. The notation is summarized in Appendix [A] The details on 
derivation of the integrating flow equations and their integration are given in Appen- 
dices [B] and (CJ respectively. For the readers' convenience the unfolded equations are 
rewritten in vector notation in Appendix [D] and some useful properties are presented 
in Appendix [El Finally, Plebanski-Demianski solution is commented in Appendix [Fl 

2 Main results 

The main result of our work is the unfolded formulation of generic AdS± Einstein- 
Maxwell black hole solution. This formulation is coordinate- independent. Modules 
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of solutions include the real dynamical modules M, N and q which are, respectively, 
the black hole mass, NUT and a combination of electric and magnetic charges. The 
o(3, 2) ~ sp(4, R) transformations act on the modules of BH solution including three 
coordinates of the black hole position, three Lorentz boosts (i.e., velocities) and two 
angles of the rotation axis orientation. Two invariants of the AdS± transformations 
parameterize black hole kinematical parameters - its angular momentum per unit 
mass a and Carter-Plebanski parameter e. The normalization of the AdS^ invariants 
with e = ±1 or sets the scale for black hole curvature modules M, N and q. The 
charge q = 2(e 2 + g 2 ) arises as some inner it(l)-invariant, while the electro-magnetic 
duality mixes M N and e <-> g. 

To reproduce generic black hole we use the idea of [1], constructing black hole unfolded 
system as a deformation of AdS& global symmetry constancy equation 

D K AB = 0, (2.1) 

where K^b( x ) = Kba{ x ) is an AdS± symmetry parameter and D is the AdS± co- 
variant differential (for notation see Appendix |AJ) . As explained in [T4] any solution 
of (12. ip describes some symmetry of AdS±. In particular, it gives rise to the corre- 
sponding Killing vector (see e.g. [T3]). 

Indeed, in two-component spinor notation Kj^b has the form 

where A is the AdS radius and V ao , is some vector. From (12. 2p it follows that V aa 
satisfies 

1 1 ■ _ 

DV aa ^x^ a -\- —hop f^ocy > (2-3) 

where D is the Lorentz derivative and h a£t is the AdS± vierbein one-form. From (I2.3P 
it follows immediately that 

D a& V a& = , (2.4) 

or, equivalently, in tensor notation 

DiVj + DjVi = . (2.5) 

The equation (12.51) means that V ao , is a Killing vector. (12. ip does not impose any 
additional conditions being equivalent to (12. 5p along with the AdS 4 consistency (11.11) . 
The fields K aa and are (anti)self-dual parts of the Killing two-fornj§ = DiVj 
(i, j = 1, . . . , 4 are world indices). 

2 One can easily check that it is a closed Killing- Yano tensor. Note that the reverse statement 
generally is not true, i.e., vector associated with closed Killing- Yano tensor is not necessary a Killing 
vector. 



6 



Note that the system (12. ip written down in components (12.21) provides the simplest 
example of unfolded equations consistent by virtue of zero-curvature condition (II. ip 
for AdS^. In Section Owe will show that a simple consistent deformation of (12. ip leads 
to certain Killing-Maxwell unfolded system that describes generic Carter-Plebanski 
metric. In turns out that it can be written down in terms of the fields of (I2.2p in a 
AdSi covariant way. 

To reproduce the metric explicitly we show that (12.11) generates four Kerr-Schild 
vectors built of components (I2.2p in a coordinate-independent way. Two of them, k l 
and n l , are real 

kitf = riirf = , k'Dfkj = rfDiUj = (2.6) 
and another two are complex-conjugated and orthogonal to k l and n l 

= = , r +l Dilj + = l + - i D i l+- = . (2.7) 

Their explicit realization in terms of AdS^ fields Kab will be given in Section HI To 
write down black hole metric in AdS^ covariant and coordinate-free form we introduce 
the following Lorentz scalars 

X 2 X 2 
' * (2.8) 



X 2 



where^l x Q , j gx /3 7 = x 2 e ai . This allows us to define "canonical scalars"0 

2r = 4 + i, 2iu = -= - -. (2.9) 
G G G G 

Using the unfolded analysis along with the integration flow method we show that the 
solution of the obtained first order flow equations describes generic Einstein-Maxwell 
black hole on AdS± space-time in coordinate-independent form 



ds 2 = ds 2 + r2+ 2 2 (ai(r)Ms* + a 2 [r)md^) 2 - ^ 2 (p 1 (y)lf~dx i + (3 2 (y)lr+dx 
+ 4ai (r)a 2 (r)4i^(2Mr - ^)dr 2 - 4ft(y)ft(y)!^^(2Ny + ^)dy 2 , 

(2.10) 

where «i(r), a 2 (r) and /3i(y) , (3 2 (y) subjected to the constraints 

«i(r) + a 2 (r) = 1, (3 x {y) + (3 2 (y) = 1, (2.11) 



3 For notations used throughout this paper see Appendix [XI 

4 The reason of this name is that in a certain reference frame, scalars r and y are equal to the 
canonical coordinates introduced by Carter in [4]. 
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are otherwise arbitrary, parameterizing some gauge ambiguity, ds^ is the background 
AdS^ metric, A r and A y are the following polynomials 



A r = 2Mr + r 2 (AV + i 1 ) + -(-q + - 



and 



A r = A r 



Ay=Ay 



M,N,q=0 



r 2 (A 2 r 2 + /i)+ l Ja 



M,N,q=0 4 



(2.12) 
(2.13) 

(2.14) 
(2.15) 



with Ii, J 2 being some first integrals of (12.1 p related to the invariants (II. 2p as follows 

C 2 = h, C 4 = I* + \ 2 I 2 . (2.16) 



Note that, generally, the metric (I2.10p is complex. Reality of the metric requires 

1 



Pi = fo 



(2.17) 



However, sometimes, it may be useful to consider complex metrics (for example, to 
reproduce the double Kerr-Schild form [5]). 

Black hole Maxwell field F = dA is generated by a one- form potential that, up to a 
gauge freedom, can be chosen in the form 



.4 



r 2 + y z 



(2.18) 



The metric (12.101) is valid for any values of its parameters. However, in the case of 
zero NUT parameter N = the flow integration can be performed differently giving 
rise to a simpler expression for the black hole metric. In, particular we will show how 
the familiar Kerr-Schild form for Kerr-Newman black hole [15] can be obtained in 
arbitrary coordinates. 



The solution (12.101) is characterized by two polynomial functions whose coefficients 
are determined by six arbitrary parameters. It belongs to Petrov D-type [IB] class 
of solutions of Einstein-Maxwell equations including non-zero cosmological constant 
and electro-magnetic field such that the two degenerate principal null congruences of 
the Weyl tensor are aligned with the two principal null congruences of the Maxwell 
tensor. M plays the role of mass, N is a NUT charge, A 2 is the cosmological term, I 2 is 
a rotational parameter a, and l\ is the Carter-Plebanski parameter which can be set 
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equal to 1, or -1 by a rescaling transformation discussed below. It will be shown that 
q = 2(e 2 + g 2 ), where e and g are electric and magnetic charges respectively. Note, 
that the charges enter (12.101) via q combination and thus can not be distinguished 
unless some external charged fields introduced. 

Particular solution types depend on the values of the curvature parameters - M, N, q 
and sp(4) invariants. Let us enlist the main cases: 

• Carter-Plebanski solution 

All of the six parameters are non-zero. The metric is given by (12.101) . It is easy to write 
it down in the well-known Carter-Plebanski form jH \5\ setting ol\ = a 2 = Pi = /3 2 = | 
(see Subsection 19.11) . The rotational parameter is a 2 = I2/A, whereas the Carter- 
Plebanski parameter is e = I\. 

• Double Kerr-Schild form of Carter-Plebanski 

The gauge choice azi — (3\ — 1, a 2 — (3 2 — leads to the so called double Kerr-Schild 
form of (12~T0D 

ds 2 = dsl+ 2r „ (M - kikjdxW - 2y f N + — ] lj-l+-dx l dx j (2.19) 
r 2 + y 2 \ 4r/ r 2 + y 2 V Ay J J 

which is complex in Minkowski signature. 

The following cases of zero NUT charge are important for physical applications: 

• N = 0, C 2 = 1 + AV, C 4 = C 2 + 4AV 

This case provides Kerr-Newman solution with a being black hole angular momentum 
per unit mass. The metric can be written down in the Kerr-Schild form [TT] 

2Mr — a 

ds 2 = dsl + — ^kikjdx'dx 1 . (2.20) 

r 2 + y 2 

• N = 0, C 4 = Cf (equivalents, K A C K C B = C 2 5 A B ) 

The particular case of non-rotating solution results from the further degeneration 
I2 — 0, y = 0. It describes Reissner-Nordstrom solution. Again, one can conveniently 
put the metric in Kerr-Schild form 

ds 2 = ds 2 Q + - ^5) hk j dx i dx j . (2.21) 
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Let us note, that all listed solutions are invariant under the rescaling 

K AB -> fjiK AB , M -> ^ 3 M , N -> ,u 3 N , q 2 -> //q 2 (2.22) 

with real constant /i that yields 

C 2 -> /i 2 C 2 , C 4 -> /x 4 C 4 . (2.23) 

This means that among two kinematical parameters of (12.101) one can be always 
chosen to be discrete 1, or -1. Alternatively, using the scaling ambiguity (I2.22|) one 
can scale away the mass parameter M that will then be represented by the parameter 
e. 

In the following we will essentially use two-component spinor language which has 
great advantages in 4d description, so let us proceed to Cartan formalism of gravity. 

3 Cartan formalism 

In Riemannian approach to black hole in AdS± gravity the metric and Maxwell gauge 
field verify Einstein-Maxwell equations 

Rij = 3A gij + Tij , (3.1) 

DiFj = (3.2) 
with the energy-momentum tensor of the form 

Tij = 4(e 2 + g 2 ) (f^F* - - A g l3 F kl F kl ^ . (3.3) 

Let us proceed to Cartan formulation of gravity. Let dx m fl m ab be an antisymmetric 
Lorentz connection one-form and dx m h m a be a vierbein one-form. These can be iden- 
tified with the gauge fields of the AdS^ symmetry algebra o(3, 2). The corresponding 
Ad Si curvatures R a6 = ^Hij ab dx l A dx^ and R a = \'R. i j a dx % A dx^ have the form 

R ab = dft ab + Q ac A Q c b - A 2 h a A h 6 , (3.4) 

R a = dh a + fl ac A h c , (3.5) 

where a,b,c = 0, . . . , 3 are Lorentz indices. Lorentz indices are raised and lowered 
with the flat metric r]^ = diag(l, — 1, — 1, — 1). The zero-torsion condition R a = 
expresses algebraically the Lorentz connection fl via derivatives of h. Then the A- 
independent part of the curvature two-form H3.4[) identifies with the Riemann tensor. 
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For the case of non-zero energy-momentum tensor it is convenient to decompose 
the curvature two-form into its traceless part associated with the Weyl tensor and 
tracefull one provided by 

R ab = \ c A h d C cdab + i(h a T fe - h 6 T a ) , (3.6) 

where C abcd is the Weyl tensor in the local frame, C abcd = -C bacd = -C abdc = C cdab 
and T a = T ab h b is a one-form associated with the energy-momentum tensor. Equation 
(13. 6p is equivalent to the metric form of Einstein equations (13.11) with the metric 

9mn = h m a h n b r] ab . (3.7) 



Now we proceed to spinor reformulation of Einstein-Maxwell theory. Einstein equa- 
tion (13.61) and torsion-free condition (13.51) can be rewritten in the spinor notation 
as follows^. Lorentz connection one-forms QCr , Ct^a and vierbein one-form h ac j can 
be identified with the gauge fields of sp(A) ~ o(3,2). It is easy to check that the 
equivalent spinor form of (13.31) is 

Ta&tf = -4(e 2 + g 2 )F a pF. . (3.8) 

It is obviously invariant under the electro-magnetic duality transformation 

p — > e w F F- ■ — > e~ i9 F- ■ (3 9) 

- 1 aa ° - 1 act) A aa ° - 1 aa- V tJ '^/ 

Then Einstein equations with cosmological constant acquire the forrrj§ 
1 A 2 1 e 2 + g 2 - ■ ■ - 

T^aa = ^aa ~\~ 77^«^ A £~lya = ~Z~ H«a 4" C-y-y aa H - FjjF aa (3.10) 

Z Z o Z 



1 _ A 2 - 1 - ■ ■ - e 2 + g 2 - 

Ttaa = d^lota + ^S^cP ^ ^7<i = TT H<i<i 4" — HT^C^dja ~l 7. FyyFaa (3.11) 

Z Z o Z 



K aa = dh aa + -O a 7 A h 7 « + -IV Ah Q7 = 0, (3.12) 
where 1Z a p and TZ^^ are the components of the Loretnz curvature two-form 

1_ a. 1 



and 

H aa = h a a A h a " , fP d = h a ° A h a& . (3. 14) 



5 See Appendix [A] for notation. 

6 The symmetrization over denoted by the same letter spinor indices is implied. 
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4 AdSi unfolded system 



4.1 Killing equations unfolded 

Let us formulate the unfolded system that describes AdS± geometry along with some 
its global symmetry. We start with an AdS± Killing vector V m and its covariant 
derivative 

which will be referred to as the Killing two-form or Papapetrou field. 

Since the AdS± Riemann curvature has vanishing Weyl tensor one can write down 
the following system 

Sv = AVl4 7 , (4.3) 
Dx aa = X 2 h\V^ , (4.4) 
which is consistent provided that 

Dh aa = 0, (4.5) 

1 A 2 
R aa = dVl aa + t^J 3 A fi/3„ = —h aa A h a a , (4.6) 

1 - • A 2 

Raa — d£l ao , + ^ ^/3d = ~~2~haa A H a , (4-7) 

where /i^q is the vierbein, and fi^ are components of Lorentz connection, 
D is the background Lorentz covariant differential and R aa , Raa are the components 
of AdSi curvature two-form 

D t^aa = ~^Ra^£,f3a + ~^^aP ^, a p- 

The equations (14 .2ft - (14. 71) can be rewritten in the manifestly AdS^ covariant form. 
Indeed, let Kab be the AdS 4 zero-form 



Vf3a A J€ & 



and Qab be the frame one-form 



°" - ( -X tr > • (4 - 9) 
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Then the manifestly sp(4) covariant form of the system (14. 2p - (14. 71) reads as 

D K AB = 0, (4.10) 
Roab = dQ AB + ^n A c AQ C b = 0, (4.11) 

where .Do is the AdS^ covariant differential. The first equation is the covariant con- 
stancy condition for global symmetry parameter, while the second one describes AdS±. 

Let us note, that the system (14. 2\ - (14. 41) was used in pQ as a starting point in the 
construction of the Kerr black hole unfolded system. The deformation was performed 
in terms of Killing vector V aa and Papapetrou field x aai Tc aa - However, it turns out 
more convenient to rescale the Papapetrou field appropriately, rewriting the AdS± 
unfolded equations using the rescaled field. So, let us introduce self-dual Maxwell 
tensor F aa and its complex conjugate F aa as 

F aa A Q %aa j Fact A Q ^aa i (^•^^) 

where 

' -F 2 ) 1 / 4 , Q = = (— F 2 ) 1 / 4 (4.13) 



v^ 2 " V- 



■X' 



DF aa = . (4.16) 



and the roots on the right hand sides of ( I4.13P are chosen so as to have Q and Q 
complex conjugated. 

Then (j4T2l) - (j4^4|) can be rewritten aa3 

DV aa = ~pW a F ia + ~phjF &i , (4.14) 

DF aa = -JLh^V^F, m F aa) , (4.15) 
3 

2G' 
with 

p = -A 2 £- 3 , p = -A 2 ^" 3 . (4.17) 

In what follows this Killing-Maxwell systen(§ along with the AdS± curvature equations 
(I4.5p - (14.7p will be referred to as AdS& unfolded system. Note, that so defined field 
strength (14. 12[) is well defined in the flat limit A — > 0. 

The important property of ( I4.14l) -( l4.16l) is that F aa and Faa satisfy source-free 
Maxwell equations and Bianchi identities 

D-yaFa 1 = , D^Fj = 0. (4.18) 



7 Parentheses mean symmetrization over indices. 

8 The first step towards the analysis of Killing-Maxwell system was made by Carter in [18] , where 
the relation between sourceless Maxwell field and Killing- Yano tensor was discussed. 
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Using (I4.15P and (I4.16P one obtains useful equations for Q and Q 

dQ = -^h a «V a a F aa , dQ = -±h a "V a "F aa . (4.19) 

Unfolded equations fl4.14p - fl4.16p have a number of remarkable properties. In par- 
ticular, the system can be shown to possess Killing- Yano tensor and another Killing 
vector built of V a a and F aa , F^a- These properties are summarized in Appendix [El 

An important property related to the description of the kinematical parameters of 
4c? black holes is that the system fl4.14l) - fl4.16l) possesses two first integrals 

= p^V-V-F^ - V (Jj + i) + £ (± - £)' . (4.21) 

where V 2 = \V ai yV aa . Using fl4.14l) - f)4.16l) one can straightforwardly check that 
dli = and dl2 = 0. Obviously enough, these conserved quantities are related to 
two invariants of sp(4) algebra as we will see more explicitly in Subsection 14.41 

Finally, AdS& unfolded system is invariant under the following transformation 

7~u ■ (V aay F aai Fqq^J > (/^V^q, j :F aa , : r-Pia), (4.22) 

fi\fjL\ 

where /i is a real parameter. Yet another symmetry of the system is the parity 
transformation 

71 : (Vaa, Ka) ~> (-V aa , -h aa ). (4.23) 



4.2 Killing projectors 

As explained in [TJ, the key element of the black hole unfolding, that eventually 
gives rise to f)2.10p . is the construction of Kerr-Schild vectors out of the AdS^ global 
symmetry parameter. The proposed procedure is essentially four-dimensional being 
based on certain projectors we are in a position to define, namely, we split the spinor 
space into two orthogonal sectors using the projectors constructed from the Maxwell 
field. In what follows they will be referred to as Killing projectors. 

Let two pairs of mutually conjugated projectors LT^ and fi^ have the form 

nj, = \{e a p ± ^~ 2 F a p), nj. = ±(e. ± ii^) , (4.24) 

so that 

nj, + = e aP , n+ + n - = e aP , (4.25) 
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and 

n^n±=n± 7 , n^Tij 7 = o, n^n±=n± 7 , n^nj.=o. (4.26) 

From the definition (I4.24p it follows 

n ^ = - n J a > n i = - n I« • ( 4 - 27 ) 

From (14.241) . (14. 15j) and (14.191) one finds the following differential properties 

Dn% = ±|(n+ 7 n+ 7 + n- 7 n- 7 )^^, (4.28) 
dk% = ±|(ntn+.+n7.nT.)v^. (4.29) 

Hereinafter we will focus on the holomorphic (i.e., undotted) sector of the system. 
All relations in the antiholomorphic sector result by conjugation. 

The projectors (14.241) split the two-dimensional (anti)holomorphic spinor space into 
the direct sum of two one- dimensional subspaces. For any ip a we set 

^ = n±%, ^ + V>a=V>«, (4-30) 

so that nj^t = . This allows us to build light-like vectors with the aid of the 



projectors. Indeed, consider an arbitrary vector V a &. Using (I4.24p define and 

as 



v ± — n ±/3 n ±/ ^i/ • v + ~ — n +/3 n -/ V ■ v~ + — n _/3 n +/ V ■ f4 3Fi 

Since the projectors have rank one, they can be expressed via a pair of some basis 
spinor s (£ , T] a ) as follows 

Obviously, V±V ±a i = and V±V ±l3& = 0. Then and can be cast into the 
form 

K*d = K^ =7 ?a%: K*d~ = ^a&b = VZaVa, (4-33) 

where g(x) and q(x) are some complex functions. As a consequence of (I4.32p . we also 
have 

F aa = 2Q 2 ^. (4.34) 
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Now, from f!4.33j) it is obvious that 
where 

(AB) = A a „B a «. 

Also note that 

V 2 = (V + V-) + (V + -V- + ) = (1 - qq)(V + V-). (4.36) 



It is worth to note that according to Papapetrou [19] any stationary axisymmetric 
solution of empty-space Einstein's equations have a discrete symmetry upon simul- 
taneous inversion of the angular and time Killing vectors. Boyer and Lindquist [20] 
have written a special transformation which casts the empty-space Kerr metric into 
a form manifestly invariant under such an inversion. In the AdS unfolded system, 
this symmetry is r_i (I4.22p that interchanges the projectors 

T-i-- n±-n5„ n^-nj,. (4.37) 

4.3 Kerr— Schild null- vector basis 

Now we are in a position to introduce the complete set of null-vectors (complex null 
tetrad) 

2 2 + 

^«« = ry+Y~\ ^aa> = (y+y-^j ^aa> (4.38) 

2 2 
/+- _ _ y+- /-+ _ _ y-+ (a oq\ 

act (V~^ V ' (^^ V ' \ J 

Note, that k adl and real vectors, whereas Z+ d and l a £ are mutually conjugated 

l + r = r+ 

eta on " 

The discrete symmetry r_i ( 14. 37ft interchanges the null- vectors 

r_i : fc a d -> ^«q, (4.40) 
r-l : i+ST-& (4-41) 

Schematically, in terms of spinors (I4.32p . one can think of these null vectors as 

k a a ~ , n a& ~ , Z+r ~ , l~f ~ £ Q 7/ A . (4.42) 
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It is convenient to arrange this set of null-vectors into the array 

&I,aa (^ad) "aai ^aa i ^aa ) (4.43) 

with the evident properties 

ei,aaej, a& = 0, \e I)Cl6l V a& = 1, (4.44) 
where I = 1, ... ,4 (no summation over I). Obviously, 

(ei e 2 ) = j^-y (e 3 e 4 ) = {v J v _ +y (4.45) 

From f|4TTIj) - (f4TT6l ) it follows that 

Q 

De^aa = (-If 1 - (pQe Ita6l e Il3 p + e 7 y V^e/, 7 ^ hP p 

+ (-If 1 j {pGe Ija& e jM + e^Vp^ej^V^) h^, (4.46) 

where <jj counts the number of r\ a in e^ a6l f)4.43p . i.e., aj = (0, 1, 1, 0) and aj counts 
the number of fja, i-e., dj = (0, 1, 0, 1). 

A simple consequence of ( 14.461) and (I4.42p is that ej j0l a obey the geodesity condition 

e I , a& D a& e ItP$ = 0. (4.47) 

(No summation over J). In other words, all null- vectors (14.381) and (I4.39P are Kerr- 
Schild, that is light-like and each satisfying f)4.47p . In addition, ej >ce ^ are eigenvectors 
of the Maxwell tensors F aa , F &6l as follows from gSHD, fl4T39j) and fl4T33|) 



Fape^* = (-irS 2 e />ad , (4.48 

7 . 

a/3 



F&gei,J = (-l)"^ 2 ei,ad. (4.49) 



For the tensor version of these and related formulae we refer the reader to Appendix 

El 

As a consequence of (I4.14p - fl4.16p and (14.191) the following properties can be verified 

D^ej^ = -2({-iyg + (-ire) , e T ™D a& g = 2{-iyg 2 , (4.50) 
DaM-iPG + {-i) ai Q)e I n = -m , D a£ ,(gg ei ,n = , (4.5i) 

ei, a a D a6t ej^ = (—l) OI Ge Ia a V 1& e I>0 ^. (4.52) 



17 



Using (14. 19[) and (14.461) one can make sure that each Kerr-Schild vector (14.431) gen- 
erates the Maxwell field (I4.12p via 

F aa = ^D a& ((G + (-i)"+^) ej)£ *), (4.53) 

F&» = \D a M + {-\y^Q)ei%) . (4.54) 

Now let us give the explicit expressions for (V + V~) and (V + ~V~ + ) which will be 
useful in what follows. Using (I4.20p and (I4.2ip and making change of variables (12. 91) 
we obtain 

(V + V-) = (4.55) 
r A + y z 

(V+-V-+) = -^4, (4.56) 



with 



r 2 + y 2 



A r = r 2 (AV + /:) + p (4.57) 

A, = y 2 (AV-/i) + |- (4-58) 

The important remark is that this way we define the so called Carter canonical 

coordinates r and y (see [33] for more detail) which naturally arise in our approach, 
being related to the Maxwell field. 

Let us introduce one-forms Si corresponding to the null-vectors (I4.43P which will play 
an important role in metric construction 

Si = \e ha ah™ = (K, N, L+~ L~+) . (4.59) 

Using (I4.53P and (I4.54p we observe that the vector-potentials 

A lt2 = ^-^£1,2 (4.60) 
r z + y z 

generate the same Maxwell tensor field F = dAi j2 - 
The second pair of vector-potentials 

^3,4 = ^^^3,4 (4.61) 
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gives the Hodge dual field strength *F = gL4 3j4 . 



One can check that 

K _ N= W) L+ __ L _ += 2lr* + y>) 

A r iA y y y ' 

From here it is obvious that the one-form potentials (I4.60P ( A^,i (14.611) ) belong 
to the same gauge class and generate the same Maxwell field F^ (*Fij). 



4.4 AdS^ invariants 

To reveal the algebraic nature of the first integrals (I4.20p it is instructive to use the 
AdSi covariant form (OOft - flCTl ) of the unfolded system (Q1 HH77)) . 

Consider the AdS^ invariants constructed out of Kab- Calculation of the square of 
Kab yields 

K K c _( {V 2 + \-^ 2 )e aP \-\K ai V^--K^j)\ 

KAcK B ~ \ -X-KxftrVr* - x 7Q V) (V* + A" 2 x 2 )^ ) " (463) 

AdS^ indices are raised and lowered with the aid of canonical sp(4)-form (see Ap- 
pendix [A}. All higher powers of Kab have the same structure with the scalar coeffi- 
cients changed. The two independent sp(4) invariants are 

C 2 = -K AB K AB = h, (4.64) 

C 4 = ^Tr(K 4 ) = I\ + \ 2 I 2 , (4.65) 

where I\p are defined in (I4.20p and (14.2 ip . Note that all odd invariants are zero 
^Tr(K n ) = , for odd n. All higher even invariants are expressed in terms of C 2} a 
(equivalently, / 1)2 ) in the agreement with the fact that the algebra sp(4) has rank 
two. 

Few comments are now in order. First of all, as follows from (14.221) . symmetry 
makes it possible to set one of the AdS^ invariants to 1, or -1. As we will seen 
it gives a black hole two kinematic parameters one of which can be always taken 
discrete by diffeomorphism. Another observation is that the Kerr-Schild vectors 
and l~£ may not exist for some values of AdS± invariants. Indeed, consider the case 
with K A C K% ~ 5 A B where 

C 4 = C\ . (4.66) 

It is easy to see, that in this case 



ai V\ = x- V a \ (4.67) 
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Direct consequence of (I4.67P is 

x 2 = x 2 , Q = Q. (4.68) 
From ffl~63l) and fl4T6Tj) it follows that 



KacK C b = C 2 ( ^ £ ° ) . (4.69) 



Using the definition (I4.3ip and (I4.32p we have 

V aa = V± + V-„ + V+r + V-+ . (4.70) 
Substituting KTUb into (Q7|) and using (Q5]) . (Oil we find 

= = 0. (4.71) 

act act \ / 

Then from (I4.39j) it follows that 

&"->«>, U^oo. (4.72) 

Moreover, taking into account (I4.56P we obtain I 2 = 0. As we will see later this 
case provides a black hole with vanishing rotation parameter and only one non-zero 
invariant C = I\ , while I 2 — 0. 

5 Black hole unfolded system 

The equations fl4.14l) - fl4.16p admit a natural deformation of the AdS^ unfolded sys- 
tem, that preserves its Killing and Maxwell properties, i.e., we require the deformed 
unfolded system to be built of Killing vector and source-free Maxwell tensor. As we 
will see this deformation describes generic AdS^ black hole. 

Let us relax the equation (14.171) for p in (I4.14p by allowing it to be an arbitrary 
function of Q and Q 

p = p(Q,G). (5-1) 

In this case the consistency condition for the system (I4.14p - fl4.16p turns out to be 
very restrictive. Solving Bianchi identities for (I4.14I) - (I4.16I) and taking (15. ip into 
account we find the following most general solution for p 

p = M - \ 2 g-' 3 - qQ , (5.2) 

where M. and q are, respectively, arbitrary complex and real parameters. 
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As a result the complete consistent deformed unfolded equations read 



1 1 _ 

T>V a6t = -ph 7 A F 7Q + -ph^F^ , (5.3) 

T>F aa = -Ah^¥/ w F aa)) (5.4) 
^y 

VF h6l = -ih^V/F^F^) , (5.5) 
with the following curvature two-forms 

^aa = T^H Qa — — — — -llPP F(j3pF aa ) + - ~HPP FppF aa , (5.6) 



A 2 

2 " L " l " Ci 4£ " - t '(/3/3- t 'aa) T ^ 

Dh aci = 0, (5. 



^«« = -rHad — H^F^Fqq) + j H^FppFaa , (5.7) 



and 



p = m- x 2 g- 3 -qQ, p = M-\ 2 g- 3 -qg (5.9) 

2 = (-F 2 ) 1 / 4 , g = {-F 2 ) 1 '\ (5.10) 

where H aQ and H Qa are defined by (13.141) . lZ aa and K aa are the curvatures (I3.10P 
and (13. lip . For g and Q one finds the same consequence as (14.191) 

dQ = ~h aA V a aF aa , dQ = -Ih^V^ha ■ (5.11) 



The last term in (15.61) and (15.71) has the form of energy-momentum tensor for Maxwell 
field and is invariant under U(l) rotations (13. 9p . Then the integration constant q is 
interpreted as the sum of squares of the electric and magnetic charges and can be 
written as q = 2(e 2 + g 2 ). 

We call the system (l5T3l- f[5TT0]) black hole unfolded system (BHUS). (Note, that the 
BHUS of p is a particular case of fl573l- (l5TT0l with M = M and q = 0.) The 
Weyl tensor it yields is of Petrov D-type. Comparing (15.61) and (15.71) with (13. 10)) 
and (13. lip we find out that the deformation (15. ip of AdS± algebra leads to vacuum 
Maxwell-Einstein equations, with the Maxwell tensor F aa and Weyl tensor given by 

_ Q(M- q Q) 
y 

It follows from (I4.22p and (14.231) that it is r^— invariant in accordance with [2JJ where 
it was shown that the Papapetrou's result concerning additional discrete symmetry 
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can be generalized to non-empty spaces with the matter tensor invariant under si- 
multaneous inversion of the time and axial angle and that this holds automatically 
in the case of source-free electromagnetic field. 

By analogy with the AdS& case, using (I5.3p - (I5.5I) one can straightforwardly check 
that the following expressions conserve in BHUS 

x x = v 2 -Mg-Mg-^(^ + ^-)+qgg, (5.13) 



2 \g 2 g 2 

dX x = dl 2 = 0. 

In other words X x and X 2 are the first integrals in the unfolded system. 

Remarkably, all the differential and algebraic properties of BHUS literally coincide 
with those of the vacuum AdS^ system of Section H] with (14.201) . (14.211) replaced by 
(EH, (JEH and g37D, (M) by 

A r = 2Mr + r 2 (AV+X 1 ) + i(-q + y), (5.15) 

A, = 2N 2/ + 2/ 2 (AV-Xi) + ^(q+y), (5.16) 

where 

M=^(M+M), N = —(M-M). (5.17) 

In Subsection 19.11 we will see that M and N can be interpreted as mass and NUT- 
parameter of a black hole. Analogously, one can build Kerr-Schild vectors in the 
system using the same projector procedure. The differential properties of these Kerr- 
Schild vectors are given by (14 . 46 j) — (14 . 49 p with the function p of the form (15.91) . Using 
(15.131) and (I5.14p and making the change of variables (12.91) we obtain 

(V + V-) = (5.18) 
(V + -V- + ) = -^h, (5.19) 

Vector potentials for Maxwell tensor and its Hodge dual again read as 

A x , 2 = -3^-2^1,2, A 3A = ^— 2 S^ (5.20) 
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where 

Si = \ej^ a « = (K, N, L + ~, L'+) . (5.21) 

Here 

&I,aa {kaai I^aai ^ota > ^aa ) (5.22) 

are defined the same way as in (14.431) . Recall, that (un)hatted quantities are associ- 
ated with the (un) deformed unfolded system. 

The following relations remain true 

K-N= 2 -^l ir , L+- - L-+ = ^t^iy . (5.23) 
A r iA y 

Again, K and N are real one-forms, while L + ~ and L~ + are complex conjugated. 
Finally, A 12 generate the same Maxwell tensor and A3 4 generate *Fij. 

The free and deformed unfolded systems are similar in many respects. In particular, 
they have the same number of first integrals, Kerr- Schild vectors, both have source- 
free Maxwell and closed Killing- Yano tensors. At M. = 0, q = the two systems just 
coincide. All this suggests that there should be some integrating flow with respect to 
the parameters Ai and q that maps one system to another. The existence of such an 
integrating flow is also natural in the context of expected relationship of the proposed 
construction with yet unknown black hole solution of the nonlinear higher spin gauge 
theory. Indeed, the integrating flow approach we are about to explore is to large 
extend analogous to the integrating flow in higher spin gauge theory [7] that maps 
solutions on nonlinear higher spin equations to those of free higher spin equations. 



6 Integrating flow 

Now we are in a position to construct the integrating flows with respect to M. and 
q. The benefit of using the integrating flows which are first order differential equa- 
tions with respect to the modules of the black hole solution is that by solving these 
equations it is easy to reconstruct the black hole solutions in terms of the initial 
data that describe the vacuum AdS^ geometry. In other words, the idea is to obtain 
complicated black hole solutions of Einstein theory as solutions of simple and easily 
integrable flow equations whose form is fixed by the formal consistency conditions 



" d d ' 




' d d ' 




' d d ' 




' d d~ 




' d d ' 


dM' dx m _ 




dM 1 dx m _ 




<9q' dx m 




dM ' dq_ 







(6.1) 

with equations 1101- 1153?)) . (15"H . 
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We require the Maxwell tensor to be constant along the flows and hence so are Q and 
Q (equivalently, r and y) 

d d d 

~Faa ■ , Fact TJ Faa • (6-2) 



Although the requirement (I6.2p is not necessary, it drastically simplifies the analysis. 
Also it is natural in a sense that known examples of black holes curvature tensors 
can be reduced to the form that agrees with (16.21) . Indeed, the condition (16. 2h turns 
out to be consistent with (I5.3l) - (l5.5p . Note, that the integrating flow with respect to 
AA can be obtained by complex conjugation of the A^-flow^]. Leaving the detail of 
derivation for Appendix [Cj the final result for the integrating flows is 

4 4 

dj^Vaa = 4>I&I,aa , dM^aa = ^^0/6/ : aa^I (6.3) 

1=1 1=1 

and 

4 4 

dqV a a = ^ fa^aa , <9 q h Qd = ^ ^I^I,aa^I , (6.4) 

1=1 1=1 

For the generic case with arbitrary complex M. the functions 0/ and ipi read 

0i = — ^— ai(r) , 02 = — ^— a 2 (r) , (6.5) 

03 = ^^/5l(2/), 04 = ^^2(2/) (6.6) 

and 

V^i = — »i(r), V%i = ~ fe(r), (6.7) 

fa = -^-Mv), ^ = ~Hv)^ (6.8) 

where functions a, /3, 0, $ satisfy the constraints 

«i(r) + a 2 (r) = fc(y) + ftfo) = 1 , (6.9) 

Oi(r) + 6 2 {r) = 1 - | , iM*/) + ^(3/) = 1 + | (6-10) 

and 

ai (r)0 2 (r) = a 2 (r)0i(r) , Pi(y)Mv) = Hv)Hv) > (6.11) 



^Strictly speaking it is true given the reality conditions (I6.12p imposed. 
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where 7 is an arbitrary real constant. In addition, we assume that a, j3, 6, 7 are 
At- and q- independent. The reality condition for the gravitational fields requires in 
addition 

My) = My) = \ , My) = My) = ~ + \ ■ (6.12) 

Note that sometimes it is useful to deal with complex metric (particularly, with its 
double Kerr-Schild form). 

The flows (I6.3p . (16 .4p also imply 

d M l x = d M l 2 = , <9 q Ti = , <9 q J 2 = 7 . (6.13) 

Let us emphasize, that the arbitrary functions ai >2 (r), M^iv) an< ^ 7 represent the 
pure gauge ambiguity. These arise as integration constants in the integrating flow 
equations (see Appendix [B]) and restricted only by the reality condition (16.121) if 
necessary. This gauge ambiguity encodes in a rather nontrivial way the ambiguity in 
the choice of one or another coordinate system, giving the integrating flow approach 
the wide area of applicability. 

Note, that the case of Ai = Ai and q = was considered in [T] within the same 
unfolded approach. However, the simple Kerr-Schild shift used there to map BHUS 
into the free AdS^ system does not work when M. ^ ±Ai. The reason is that the 
Kerr-Schild shift used in pQ is not compatible with the reality of metric in this case. 
The answer in terms of the integrating flow reduces to different constraint conditions 
for flow functions (see Appendix |B|) . 

In the case M. = A4, we perform different flow integration, than that of general 
complex Ai, resulting in notable simplification of (16.31) . (16 Ah . In this case we fix the 
gauge freedom as follows 

<h=\{G + G), 02 = 03 = 04 = 0, (6.14) 

^l = ~GQ, ^2=^3=^4 = 0. (6.15) 

This in turn implies 

d M l 1 = d M l2 = 0, a q J 1= 0, d q T 2 = -2. (6.16) 

Note, that the difference between the cases with M. = ±A4 and A4 ^ ±Ai arises as 
a consequence of the possibility to replace the two flows with respect to M. and Ai 
in the latter case by a single flow with respect to Ai in the former. (For more detail 
see Appendix iBl) 
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Let us stress, that the condition (16.21) has been extensively used in the derivation of 
( 16. 3p . (16.41) . The obtained integrating flows can be explicitly integrated, giving the 
AdS^ covariant and coordinate-free description of a black hole metric as we demon- 
strate in the next section. 

The following comment is now in order. In the derivation of the integrating flow 
equations we have fixed the gauge freedom. In principle, this could have been done 
in variety of ways keeping one or another amount of arbitrary gauge parameters. 
Our strategy was to leave those as few as possible, though still enough to encompass 
the most important representations, such as Kerr-Schild, double Kerr-Schild and the 
generalized Carter-Plebanski. In principle one can think of further generalization of 
the form of the integrating flows to describe even more general forms of the black 
hole solutions. 



7 Flow integration with AdS± initial data 
7.1 Solution for Kerr-Schild vectors 

To restore BHUS frame fields from integrating flow equations it is convenient to start 
with Kerr-Schild vectors. Let us start with the generic case of arbitrary complex M.. 

It is convenient to restrict the integrating flow gauge parameters ( I6.9I) - (I6.11I) as fol- 
lows 

ai (r)=0i(r), a 2 (r)=0 2 (r), /3 1 (y)=Mv), PM = Mv) , 7 = 0. (7.1) 

Note that this gauge choice is compatible with the reality condition (16.121) only if 
Pi — P2 — 1/2- As already mentioned, the other choices may still be useful to 
incorporate the double Kerr-Schild form of the complex black hole metric. 

As explained in AppendixO, the flow equations (I6.3p . (16 .4p for the Kerr-Schild vectors 
give 

/ A \ Q 2 /a \ a l 

(7.2) 
(7.3) 

where the unhatted quantities correspond to the initial data of the AdS^ unfolded 
system IjOljl - ljOSjl 




26 



Analogously, the integration of the Kerr-Schild one-forms Sj (I5.2ip gives 



K = K-a 2 {r) A \ Ar (K - N) , N = N - ai (r) A \ r (N - K) , (7.5) 



L + - = L+--(3 2 (y) A ^^L(L+--L-+), L~+ = L- + -/3 1 (y)^ ir ^L^ L -+- L - 



A y Ay 



(7.6) 



Note, that 



onK + a 2 N = a x K + a 2 N, (7.7) 
f3xL + - + p 2 L~+ = p 1 L + ~ + p 2 L- + . (7.8) 

Note also that L + ~ and L h are complex conjugated only if /3i = (3 2 = |. The first 
integrals for that particular gauge choice (17. ip coincide with those of AdS± 

T X = I X , T 2 = I 2 . (7.9) 

Now consider the special case of Ai — A4. Using the simplest gauge choice for the flow 
coefficients (16.141) . (16.151) the integration of the vierbein field gives the Kerr-Schild 
form 

k a a = k a a , K = K , (7.10) 



haa + \{m{g + g)- qgg)k a& K (7.11) 



with 

Ii = Ji, X 2 = / 2 -2q. (7.12) 

Let us stress again that for C 4 = Cf the Kerr-Schild vectors and l~£ are ill- 
defined already in the vacuum AdS^ geometry and hence the vectors and can 
not be expressed in terms of their AdS^ counterparts. 

The following comment is now in order. The AdS^ unfolded system (14. 14[) — (14. 16j) ad- 
mits well defined flat limit A — > 0. Therefore one can integrate BHUS with Minkowski 
space-time set of initial data by introducing an additional flow with respect to cosmo- 
logical constant A 2 . In this case BHUS first integrals would be related to invariants 
of Poincare algebra and the solution would be written in Minkowski covariant way. 
We, however, prefer to work in AdS^ covariant way rather than in Poincare. 



7.2 AdSi covariant form of a black hole metric 

The obtained Kerr-Schild vectors and one- forms (17.21) . (17. 3p . (17.51) . (17.61) allow us 
to reconstruct black hole vierbein and metric. Let us consider the generic case of 
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arbitrary complex M.. To reproduce the metric we use the following identity 

h a a = -i-(K a N + h aa K) + ) + 1-+L+-) , (7.13) 

(fen) 

which arises as a consequence of the completeness relation for two-component spinors 

which can be straightforwardly checked using (I4.33p . Substituting (j7.2p . (17.31) . (17.51) . 
(17. 6p into (I7.13P we restore vierbein in a coordinate-independent way. 

The metric is 

ds 2 = -h ia& h j a "dx i dx j . (7.15) 

Substituting (17. 13ft we obtain coordinate-independent representation for the metric 
in the form 



ds 2 = -£— 2 KN - J±L^L + -L-+, (7.16) 



where A r and A y are defined in (I5.15P and (15.161) . respectively. Now with the help of 
(17. 5p and (17.61) one can rewrite the metric in terms of AdS± fields ( I4.14p - (l4.16p 



ds 2 = ds 2 + 2M T % 2 {a 1 {r)K + a 2 {r)N) 2 - 2N ^ + ^ (My)L + - + Hv)L 

2 2 2 2 

+ in j ( r)n,(r) 1 --^-(2Mr - q/2)dr 2 - 4ft(y)ft(y)?-±^(2Nj/ + q/2)dy 2 

L A y ' L \ rp L i y L \ y 

(7.17) 



where a\{r) + ct 2 (r) = j3i(y) + /3 2 (j/) = 1 and ds^ is the background AdS^ metric 
which can be represented in the form analogous to (17.161) 

ds 2 = -^- 2 KN - (7.18) 

The reality condition for (I7.17P requires 

Pi = 02 = 1- (7-19) 

The case of complex metric with, say, ati = fi\ — 1, a.i = /?2 = yields the double 
Kerr-Schild form of (17.171) 

ds * = d4+ *( M - *±±) KK-^ (W *±?) L+-L+- , (7.20) 



r<1 + V 2 \ 2r / r 2 + y 2 \ 2y 
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which might be useful as it satisfies both linearized and nonlinear Einstein-Maxwell 
equations 10 !. 



To reveal physical meaning of the metric (17.171) let us first recall its parameter space. 
There are three parameters M, N, q and A that cannot be redefined by diffeomor- 
phisms as they enter the Riemann curvature tensor in (15. 6p . (15.71) . Then, there are 
two parameters associated with the first integrals (17.91) and expressed via AdS± in- 
variants by (I4.64p . (14.651) . These are so called kinematical parameters one of which 
can be always chosen to be -1, or 1. Indeed, the obtained integrating flow trans- 
forms BHUS into AdS^ global symmetry parameter equation (14.101) . (14.111) which is 
invariant under rescaling (12.221) . This allows us to set, say, Ci = ±1 or 0. 

As a result, the diffeomophism invariant black hole parameter space consists of three 
curvature parameters M, N, q (and A) and two kinematical ones, discrete C*2 and 
continuous C 4 . 

Let us show that (I7.17P is nothing but a coordinate-independent realization of the 
AdS^-Kerr-Newman-Taub-NUT solution originally discovered by Carter [5j and Ple- 
banski To this end we choose certain two-parametric coordinate realization of 
AdS± space that covers whole range of values of invariants for a particular AdS^ 
Killing vector and calculate the resulting metric (I7.17p . 



8 Coordinate realization of AdS^ background 

Following [1] it is convenient to specify AdS± metric in certain two-parametric form. 
Using the coordinate system {r, if), r, y} AdS^ metric can be written down in the form 

where 

A r = r 2 (AV + e) + a 2 , A y = y 2 (X 2 y 2 - e) + a 2 . (8.2) 

The parameters a and e that enter the AdS^ metric (18.1 ft as pure gauge arbitrary 
constants^] become the Carter-Plebanski black hole kinematic parameters upon AdS± 
deformation. The metric verifies AdS± Einstein equations and provides 

Rij = 3\ 2 gij . (8.3) 

Now, the Jj: Killing vector 

^ = {1,0,0,0} (8.4) 



10 Note, that (|7.20|) becomes real upon Wick rotation to (2,2) signature. 
11 a 2 can be chosen to be negative as well. 
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renders via (I4.14p the source-free Maxwell two-form 
1 



((dr + y 2 ^) A (r 2 - y z )dr + 2(dr - r 2 ip) A rydy) , (8.5) 



(r 2 + y 2 ) 2 

that can be generated by the vector potential one-form 



F — dA, A = -^—- 2 {dT + y 2 i,). (8.6) 

r l _|_ yZ 

Maxwell tensor (18.51) along with the Killing vector (18. 4p fulfill AdS^ unfolded equations 
(I4.14I) - (I4.16I) . Coordinates r and y can be checked to coincide with the canonical 
coordinates (12. 9p . 

Using ( I4.38P and ( I4.39P we find Kerr-Schild one-forms in the specified coordinates 
K = dr + y 2 dijj + r dr, N = dr + y 2 d*/j - T ^ V dr, (8.7) 

L + - = dr- r 2 d^ + dy, L~ + = dr - r 2 d^J - - ± V — dy . (8.8) 

iA y iA y 

Note, that having expressions for background one-forms (18.71) and (18.81) it is easy to 
calculate coordinate form of Killing- Yano and closed Killing- Yano tensors (IE. 21) and 
(lE.5p . respectively 

Y = ydr A(dt + y 2 d4>) +rdy A(dt-r 2 dip), (8.9) 
*F = rdr A(dt + y 2 d^)-ydy A (dt - r 2 dip) . (8.10) 

The first integrals for the AdS± unfolded system (I4.20p . (14.211) amount to 

h = e, I 2 = 4a 2 (8.11) 
The obtained AdS^ formulae lead to the Carter-Plebanski metric. 



9 Particular solutions 

9.1 Carter— Plebanski solution 

Consider the real case (I7.19P of (I7.17P and let us fix the gauge functions as 

ai (r) = a 2 (r) = ± (9.1) 
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Substituting (JHHJ and (jOl . (Oil into (ITTTj) we obtain 

d s 2 = J±—Ut + y 2 #) 2 - -J^-Adr ~ r 2 d^f - T —^dr 2 - "-U^dy 2 , (9.2) 
r 2 + y 2 r 2 + y 2 A r A y 

where 

A r = 2Mr-e 2 -g 2 + r 2 (\ 2 r 2 + e) + a 2 , (9.3) 

A y = 2Ny + e 2 + g 2 + y 2 (X 2 y 2 -e)+a 2 . (9.4) 

(Recall, that q = 2(e 2 + g 2 ).) The metric (19.21) is the well-known Carter-Plebanski 
solution of vacuum Einstein-Maxwell equations that describes Petrov D-type metric 
characterized by the mass M, NUT-parameter N, electric and magnetic charges e 
and g. It possesses two first integrals (15.131) . (15.141) a 2 and e one of which can be 
chosen to be 1, or -1. On account of (17.91) and (I4.64p . (I4.65P these kinematical 
parameters are related to the AdS± invariants 

e = C 2 , 4AV = C 4 - C\ . (9.5) 



Since the coordinate realization of the AdS^ metric (18.11) and Killing vector (18. 4ft 
covers the whole range of AdS^ invariants (18. lip it is shown that BHUS with generic 
parameters describes Carter-Plebanski solution (19.21) . The parametric form (I7.17P 
allows one to choose its different representations. In particular, the double Kerr- 
Schild form (17.201) is constructed from mutually orthogonal background null-vectors 
k a a, CcT an d depends on the deformation parameters linearly. By an appropriate 
change of variables that changes the metric signature one can obtain usual real form 
of the metric in Minkowski signature |22j. 



9.2 Kerr— Newman solution 

For physical applications it is instructive to consider the case with vanishing NUT 
parameter N = that corresponds to real M.. This case was considered in [TJ for 
q = (Kerr metric) within the unfolded dynamics approach. The case of q 7^ cor- 
responds to Kerr-Newman solution that describes rotating and electro-magnetically 
charged black hole (provided its charge and rotation parameter are such, that the 
metric is free of naked singularities). To describe this case one can simply set N = 
in (17.171) . However as we have already seen, the integrating flow with Ai = A4 admits 
a different integration (17.111) giving rise to the simpler Kerr-Schild form of a metric 

ds 2 = ds 2 + ™ r ~? KK. (9.6) 
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To associate AdS& invariants with the black hole rotational parameter one can use 
the coordinate realization of [23] for AdS^ metric and certain AdS^ Killing vector 
(see [TJ for detail) to find 

C 2 =1 + AV, C 4 = C 2 + 4AV. (9.7) 

The important particular case of static solution (charged Schwarzschild black hole) 
arises if a = 0, or equivalently C 4 = C\ ^ . 

10 Summary and discussion 

To conclude let us summarize the results obtained in this paper. It is shown that a 
wide class of black hole metrics (Carter-Plebanski) admits simple unfolded descrip- 
tion in terms of Killing and source-free Maxwell fields. The system is obtained as 
a parametric deformation of AdS^ global symmetry equation. Two deformation pa- 
rameters Ai G C and qel are associated with black hole mass M=Re Ai, NUT 
charge N=Im Ai and electro-magnetic charges q = 2(e 2 + g 2 ). Black hole kinematic 
characteristics related to the angular momentum a and the discrete parameter e are 
expressed via two first integrals of the unfolded system. 

It is shown that AdS^ global symmetry equation and BHUS are related by the in- 
tegrating flows, that describe an evolution with respect to black hole charges. The 
integrating flows allowed us to describe the black hole vierbein, metric, Killing fields, 
and other characteristics in the AdS^ covariant and coordinate-independent form. 
This was done by the straightforward integration of the first order flow evolution 
equations with the initial data corresponding to the AdS^ vacuum space. One of 
the consequences of this procedure is that black hole kinematic parameters acquired 
invariant interpretation in terms of two AdS^ invariants. Let us stress, that the flow 
correspondence between vacuum and black hole systems is similar to the one studied 
in the nonlinear higher spin gauge theory [61 [TJ . 

We believe that the obtained results can have various useful applications. One of 
the most striking features of the obtained description is that it does not refer to 
any particular coordinate system. Many important algebraic objects resided in black 
holes such as Killing-Yano tensors, Kerr-Schild vectors acquire simple and natural 
origin in the proposed formulation. 

One of the most straightforward applications could be the study of fluctuations of 
different types of fields in the black hole geometry in the unfolded dynamics approach. 
Fortunately, the unfolded formulation of free fields of various types is available in the 
literature (see e.g. [8] for massless fields in AdS<±, [24] for the case of scalar field of 
any mass in arbitrary dimension and [TJ [13] for more references) . 
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Another intriguing development is to study a possible generalization of the obtained 
results to the full nonlinear higher spin gauge theory that rests on the unfolded 
formulation. Hopefully, the obtained results will allow us to challenge this problem 
at least perturbatively. 

An interesting direction for the future study is to explore the higher- dimensional 
generalization. It is well-known that black holes in higher dimensions have reacher 
properties than their four- dimensional counterparts. In particular, in d > 4 there are 
black holes with non-spherical (ring) horizon topology [25]. Besides, the curvature 
tensor of higher-dimensional black holes is not necessarily of generalized D-type [26] 
(e.g., in the case of black rings). Even though the approach demonstrated in this pa- 
per is essentially four-dimensional, we hope it can be extended to higher dimensions. 
Let us note in this respect that the analysis of [27], where the hidden symmetries 
of higher-dimensional black holes were discovered, suggests that the unfolded de- 
scription of these black holes is likely to be based on the differential forms of higher 
ranks. 

An alternative possibility for a higher- dimensional generalization of the obtained 
unfolded system is the analysis of the black hole-like solutions in Sp(2M) spaces with 
matrix coordinates [28], [291 EH ED] . Since these models provide a higher- dimensional 
generalization of the spinor approach used in this paper, one can speculate that such 
an extension may be even simpler that in the usual tensorial setup. 

The last but not the least is to understand better the origin of the integrating flow, 
which very likely is a manifestation of some hidden higher dimensional and/or inte- 
grable structure in the system. 
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Appendix 

A Notations 

Capital Latin letters A, B, . . . label Sp(4) vector (i.e., 4d Majorana spinor) indices, 
A, B = 1, ... 4. Indices i, j, ■ ■ ■ = 1, . . . 4 are world (base), while a, b, ■ ■ ■ = 1, . . . 4 are 
fiber ones. Capital Latin indices from the middle of alphabet I, J = 1, . . . , 4 are used 
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to enumerate basis null-vectors in integrating flow decomposition. To distinguish 
between AdS± background and black hole quantities the latter are endowed with 
hats. 

The analysis in four dimensions considerably simplifies in spinor notation. Vector 
notation is translated to the spinor one and vice versa with the help of cr-matrices 
(cr° d is the unit matrix and o^' 3 are Pauli matrices) that obey the condition 

Vab(Taa^ = ^af3e &$ , (A.l) 

where a, and a — 1, 2 are mapped to each other by complex conjugation a <-> a. For 
a Lorentz vector V a we have 

V adL = , V a = ^(a a r«V a « . (A.2) 

Spinor indices are raised and lowered by the sp(2) antisymmetric tensors e a p and e«g 

= Z a = e a %, L T ; „. C = e%, (A.3) 

where e 12 = e 12 = 1, e a/3 = -ep a , e a/3 = -e^ a . 

Lorentz irreducible spinor decompositions of the Maxwell and Weyl tensors F a b and 
Cabcd read, respectively, as 

F a af3/3 = £ af3Fa/3 + £ a/3^a(3 , ^ aafS^jSS = £ a^jsC '^fag + E A/ j£ ^gC ' a p yS , (A.4) 

where the symmetrization over spinor indices denoted by the same letter is implied. 
F a p, C a/ 3 7< 5 and their conjugated are totally symmetric multispinors. 

Hodge duality for two-forms is translated as follows. By definition, P^ and are 
related as 

* Pii = ^s ijkl P kl , (A.5) 

where g is the determinant of the metric and e abcd is Levi-Civita symbol (e 0123 = 
—£oi23 — !)■ Then for spinor components we have 

* Pact = ~iPaai *P&d = iP&d ■ (A-6) 

In vector notation P aa , Pad correspond to the (anti) self-dual parts P^ of antisym- 
metric tensor P^ defined by 

^=i(Py±i*Py). (A.7) 

AdSi spinor indices A,B,... unify left and right Weyl spinor indices A = (a, a). 
These are raised and lowered by the canonical sp(A) form 

— (A - 8) 
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B Sketch of derivation of integrating flows 

Let us sketch the idea of derivation of the equations (16.31) and (16.41) . Since the method 
is similar for the flows with respect to M. and M. we confine ourselves to c^-flow 
with complex M.. 

Consider the most general decomposition of dj^Vaa and c^h^ in the basis of Kerr- 
Schild vectors (I5T22|) 

4 4 

djvC^aa = tl£l,aa , dM^-aa = ^ § I J & I ,aa& J ai^ 1 ^ (B.l) 

1=1 I,J=1 

with some set of functions ti(x, Ji4, . . . ) and <&u(x, A4, . . . ). Applying [5m, to 
(14.191) and using &mQ = 9mG = (see (I6.2p ) we obtain 

2^(-l)^ + ^$ 7J = tj, (B.2) 
i 

2j2(-lY I+ ° J ®iJ = h. (B.3) 
I 

Some components of $/j can be eliminated using the gauge freedom of Cartan equa- 
tions. Indeed, the gauge transformation of vierbein is 

5h a& = Vi a6l + £ a % d + e/h a/ j , (B.4) 

where £, a a, £,aa are arbitrary gauge parameters. Using fIB.ll) to extract pure gauge 
part in 

4 

®ijei,aa£j$M , (B.5) 

I,J=1 

one can see that six parameters £ Qa and make it possible to eliminate the anti- 
symmetric part Choose £ Q( j-gauge parameter in the form 

4 

(«« = ^ Sie It0l aSM , (B.6) 

7=1 

where Si(Q, Q,M., . . .) is some set of functions. Using (I5.3p - (I5.5I) one obtains 

4 

T^iaa = ^2 (B{IJ] + -B(/J))e/,aa^J , (B-7) 
/,J=1 
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where Bu n and -B[/j] are symmetric and antisymmetric. Finally, making use of the 
gauge parameters £ aQ and one eliminates the antisymmetric part <&\u] ■ The 
symmetric part $(/j) is restricted by (1B.2j) . (1B.3P to the form 



$ 



(jj) 



/ $ u X Z Z \ 

X $22 ^ Z 

z z $33 r 

\ z z y $44 y 



(B.8) 



Its off-diagonal part is parameterized by three parameters X, Y, Z. The leftover gauge 
freedom in £ ac j allows us to set X, Y, Z to zero. At this stage, one gauge parameter 
in ^qq, remains free. An important observation is the following. The gauge fixing 
that makes $jj diagonal turns out to impose in addition to (16.21) M. -independence 
condition on Maxwell two-form 

d M F = . (B.9) 



Thus, the gauge fixing leads to the following structure functions 

1 „ 



$ 



13 



?ij<Pj 



tl 



(B.10) 



The condition [&m, d] = applied to fl5.3p - (l5.5l) after somewhat annoying but straight- 
forward calculation using the relations (I5.3p - (l5.5j) and (14.461) gives the following sim- 
ple compatibility conditions 



dy 



dy 



+ {G- Q)<h = 



+ (g - Q)4>2 = o 



Or 



dr 



+ {G + Q)(p3 = 



+ (G + G)<Pa = 



along with the following constraints 

01 + 02 + 03 + 04 = 
01 +02 - 03 - 04 = 



\g + ~d M Zu 

l - G 2 + G 2 GG 

2 G + ~lGG~ dM Jl + ~ dMl2 ' 



(B.H) 
(B.12) 

(B.13) 
(B.14) 



which can be equivalently rewritten as 

G + G 



^i + 02 = -: ~ (1 + rd M Xi + — d M l 2 ), 
4 4r 

i 3 + 04 = — r — (1 - iyd M Zi + -7-d M T 2 ) 
4 Ay 



(B.15) 
(B.16) 
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Let us note, that the conditions (1B.13j) . (IB. 141) arise if 9^-flow is applied to (15.13P 
and (I5.14p . respectively. 

Solutions for 0/ exist for any values of X\ and Z 2 . However, the case with djv£Ei,2 7^ 0, 
although being consistent with (IB. 111) . (IB. 12|) turns out to be incompatible with the 
reality of the metric and even in the complex case it does not seem to lead to any 
simplification. Therefore, we demand 

d M Ii=0, <9mJ 2 = 0. (B.17) 

Performing straightforward integration of (IB. Ill) and (IB.12I) we obtain (16. 5p . (16. 6p 
and (16. 9p with ai^ (r) and /3i, 2 (y) arising as the integration parameters. 

The analysis for <9 q -flow is analogous leading to the same differential equations (IB. 111) . 
(IB. 121) for ^/-functions along with the constraints 

^1+^2+^3 + ^4 = ~ + ^q2-l (B.18) 

^1 + ^2-^3-^4 = ^7^-^ J l + X 9qJ2 (R19) 

or, equivalently, 

^1+^2 = -^(l-2r 2 9 q J 1 -^ q J 2 ), (B.20) 

^3 + ^4 = -^(l-2yX J i + ^ q Z 2 ). (B.21) 

It is convenient to set <9 q Zi = reproducing ( 16.71) . ( 16.81) and 1 16. 10p . where 7 = <9 q Z 2 . 
Finally, the condition [&m > dq\ = leads to 116.111) . The reason to keep <9 q Z 2 7^ 
is that it allows to reduce black hole metric to convenient Kerr-Schild form when 
M=M. 

Finally, the case with real M. = M. can be considered separately as it admits some 
simplification of the metric. When Ai is real one is left with the only mass flow instead 
of two for complex Ai. This case provides the same system of differential equations 
for the structure functions (IB. Ill) . (1B.12I) . Analogously, to have the complete set of 
consistency conditions for <ftj one acts with &m on the first integrals (15.131) . (15. 141) . 
Note, that in this case one should set M. = M. on the right hand sides of (15.131) . 
(15.141) prior their differentiation. Pretty much as in the complex case, it is convenient 
to demand (IB. 17[) . As a result, in addition to (IB. lip . (IB. 12[) one gets the following 
constraints 

01 +4>2 + 03 + 04 = \{G + G), 01 + 02-03-04= \{G + G) • (B.22) 
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General solution of flBTTj) . (lB~T2l) . (lB~22j) is 

0i = — y~ &i(r) , 02 = a 2 (r) , (B.23) 

03 = ^y^/9i(y), 04 = ^~HV) , (B.24) 

where 

«i(r) + a 2 (r) = 1 , + = . (B.25) 

Note, that ( IB. 231) differs from ( 16. 51) by 2 factor and the constraints for fii^ differ from 
that in ( 16. 91) . This integration allows one to fix gauge parameters «2 = /3i = /?2 = 

to get dsmj). 

Let us note, that for each of the integrating flows d x = (Dm, &m, <9q) the integrability 
condition 

[d x , d} = (B.26) 

provides the same differential equations for the flow structure functions (IB.llj) . (IB. 121) . 
These equations are not sufficient for the consistency ( IB. 261) . The rest of the con- 
ditions, such as ( IB. 131) . (IB. 141) result from the requirement that (15 . 13j) . ( 15.141) are 
constant in BHUS. Together with fiBTLl) and (1R121) they satisfy (IB~26l) . Having 
solved (1B.26|) one is left with 

{d x ,d x ,]=0 (B.27) 

which is straightforward to analyze. 



C Integration of Kerr— Schild vectors 

Consider the general case of complex A4. To restore Kerr-Schild vectors in terms of 
their AdS^ counterparts (17.21) . (17. 3p via the flow integration we differentiate (I5.22p 
along the flows and use their definition to obtain 

p> i a2r i p> ;+- _ P 2y ;+- in 1 ^ 

A r lAy 
A r lAy 

Analogously, applying <9 q -flow we obtain 

dqkaa = ^-fc Q Q,, <9q^Q, = ~ ^"^ad ' (C-3) 

2A r 2A y 
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Recall, that the parameters 0:1,2 (r), Pi^iy), #1,2 ( r )> $1,2 (y) arise as the integration con- 
stants in flBTTTj) . (IETT2|) . Integration with the constraint (JTI} gives (Q, (ITHD . 



To obtain (17. 5p . (17.61) we contract the second equation of (16.31) with all Kerr-Schild 
vectors (I5.22p . This gives 

d M K = ^f(N-K), d M L + - = ^(L- + -L + -), (C.5) 

A r lAy 

d M N = ^L(K-N), d M L~ + = ^-{L + - (C.6) 

A r lAy 

The analysis for <9 q -flow is analogous and the integration at the condition (17. II) gives 

(ESD, (EBJ). 

D Vector form of AdS± unfolded system 

AdSi unfolded system in vector notation reads as 

DiVj = H ih (D.l) 

D k Xij = \ 2 (g k jVi- gkiVj). (D.2) 

Let us introduce antisymmetric tensor F^- = Ff- + by 

x+=p^+, pFr, (D.3) 

where 

p = -\ 2 g-\ p = -\ 2 Q-\ (D.4) 

and 

p+p+ij = p-p-ij = ( D _ 5 ) 

where ± denote (anti) self-dual parts of the corresponding two-forms. One can easily 
check that fulfills Maxwell equation and Bianchi identities 

D k F\ = 0, D {i F jk] = 0. (D.6) 

Then the system (ID.lj) . (1D.2j) can be equivalently rewritten as 

DtV, = pF+ + pFr, (D.7) 

D h F+ = V p C; kij , (D.8) 

D k Fr 3 = W-., (D.9) 

where C^ kl are the following quadratic combinations of F^ 

CtiH = (2F+F+ + F+F+ - F+F+ + Q - (g ik9jl - g u g jk )\ , (D.10) 
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C~ jU = -Q- 1 {^Fr.F kl + FgFji - Fr lF r k + Q - (g ik9jl - g il9jk )\ . (D.ll 

Note that C^ kl describe the (anti) self-dual parts of the black hole Weyl tensor. 
The Killing projectors in vector indices are 



nj = - 9ij ± g~ 2 F±, (D.i2) 

II,) \g* ■ 2 / V (D.13) 



They possess the following obvious properties 

ufm% = ut ufmj k = o, (D.i4) 

and 

n±'n±=n±, ii/'ii;, o. (d.is) 

In spinor notation these projectors yield f)4.24p . 

The Mutually orthogonal null-vectors fl4.38p - fl4.39p are the following projections of a 
Killing vector 

' r = W^) vr - l ' + = W^) vr - (D ' 17) 

where (AB) = AiB 1 and 

v- = n;mj k v k , v? = n+'fi+v* (d.is) 

Vf = nf% k V k Vr+ = Urm+ k V k . (D.19) 
Let us also note that 

iyn ifc = II/ 1 1,,. (D.20) 

The vectors ( ID. 161) . (ID. 171) define the four geodesic congruences 

hPDjki = 0, nWjm = 0, l + - j D 3 lf~ = 0, r +J Djl; + = 0. (D.21) 

Now one can check that consistency of the Killing-Maxwell system (ID.T[) (1D.8P de- 
mands the function p to be of the form (15. 2p . The Riemann tensor reads as 

Rijki =^ 2 (gikgji — giWjk) + 2(e 2 + g 2 )(gi k Tji + gjiT ik — guTj k — gjkTu) 

+ 6(A< - 2(e 2 + g 2 )G)C± kl + 6(M - 2(e 2 + g 2 )G)C^ (D.22) 
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where the energy-momentum tensor Tij has the following simple form 

Ta = 2F+Fj k = 2Fr kFj +k . (D.23) 
Rewriting (14.481) and (14.491) in vector notation yields 

Fijk J = - 2 ki, F ijn i = y Y m, (D.24) 
Q 2 - Q 2 Q 2 - Q 2 

Fijl + -> = ^-^-if, F ^ 3 = -^r^r + ( D - 25 ) 



and 



* F .. k i = < Q2 2 Q2 \ h * F .. n i = < Q2 2 G \ h (D.26) 



E Some useful unfolded system properties 



(D.27) 



Considered unfolded systems have a number of important properties, such as the 
existence of Killing- Yano tensors and additional Killing vector. Let us show this in 
some detail for the case of AdS^. 



Using (H3D and (14121) we find 



D ( ^F aa ) = -h a "V adl . (E.l) 



Therefore, the Maxwell tensor generates Killing- Yano tensor 



Indeed, (IE.2p gives 

D a aY aa = , DftoY P a + D a pY^a = , (E.3) 
which is equivalent to the Killing- Yano equation in vector indices [52] 

D^k^rrijn 0, Y mn Y nm . (E.4) 

The next observation is that the Hodge dual tensor (see Appendix |A} * that has 
the following irreducible components 

* Y aa = -^F aa , *Yaa = ~Q%Faa- (■^■^) 
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is the closed Killing- Yano tensor since it fulfils the equation^ 2 ] d * Y = 0, i.e., 

d[i *Y jk] = 0, *Y mn = - *Y nm . (E.6) 
where brackets denote antisymmetrization over indices. It is obvious that 

* Y mn = --^^ mn , (E-7) 

where x mn is given by (14. ip . 

One can see that it is possible to express Killing vector V a a as 

V* = -Dj *Y ji . (E.8) 
3 

Note that another Killing vector can be constructed from V % by means of the second- 
rank Killing tensor generated by the Killing- Yano tensor Y^ (see |18j ) 

0, = KijV', K l3 = Y lk Y k r (E.9) 

In spinor notation this gives the following relation between Killing vectors 

= w^ FjiFjiv ^ - 1 {h + w) Vaa - (K10) 

One can make sure that it solves the Killing equation 

D(f) a a = ^hj&ap + ^dtfotH, (E- 11 ) 

where <p a a,&aa are the (anti) self-dual components of the Killing two-form 



Vac = ~ (h + ^) F aa - ■±pV*V *F 6A . (E.12) 



Note, that when C4 = this Killing vanishes (j) a a = and ip aa = 0. 

As a result the global symmetry parameter Kab (14. 8 p generates another global sym- 
metry parameter Kab in the following way 

Kab=(*? D K AB = Q. (E.13) 



Its sp(4) invariants read 

C 2 = K AB k AB = hh, (E.14) 
C 4 = Tr(^ 4 ) = ^(/ 2 + A 2 / 2 ). (E.15) 



12 Note that covariant differential acts on forms as ordinary de Rham differential. 
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Remarkably, the existence of the Killing- Yano tensor and additional Killing vector 
also takes place in the black hole unfolded system fl5.3l) - fl5.8p . One can show that the 
formulae (IE. 1H (IE. 10p are valid in BHUS upon redefinition 

D^V, V aA ^V ad . (E.16) 

F Comment on Plebanski— Demianski solution 

The considered unfolded system fl5.3p - fl5.5p has been shown to describe generic Carter- 
Plebanski family of metrics. This family can be obtained by some limiting procedure 
from the so called Plebanski-Demianski metric [34] . which is believed to be the most 
general D-type solution of vacuum Einstein-Maxwell equations with aligned principle 
directions. Although it has the same number of parameters as the Carter-Plebanski 
solution all of them are continuous unlike those in Carter-Plebanski case with one 
being discrete. Physical meaning of this additional continuous parameter according 
to [31] is acceleration. The metric generalizes Carter-Plebanski solution reproducing 
the latter in non- accelerated limit. In this Appendix we demonstrate that the con- 
structed black hole unfolded system does not contain Plebanski-Demianski metric. 

Consider Plebanski-Demianski class of solutions of the Einstein-Maxwell equations 
with electric and magnetic charges and the cosmological constant. Up to notation, 
its original form reads as 

1 ( Q{q){dT - p 2 d^) 2 P(p){dT + q 2 d^) 2 
' (1 — QP) 2 \ q 2 + p 2 q 2 + p 2 

where 

Q(q) = (\ 2 /2 + 7 + e 2 ) - 2mq + eq 2 - 2nq 3 - 
P(p) = (A 2 /2 + 7 - g 2 ) + 2np - ep 2 + 2mp 3 - 

Choosing the vector potential in the form 

a g a qp2 a I 

gZ _|_ pZ gZ _|_ pz 

one can check that the following equations hold 

Rij = SX 2 9lJ - 2(e 2 + g 2 )(F lk F 3 k - ^ gij F kl F kl ), (F.5) 
where is the Maxwell tensor F = dA 

F = 1 [{dr - p 2 d4>) A {q 2 - p 2 )dq + 2(dr + q 2 d^) A pqdp] . (F.6) 



Q(q) ~ dq P{p) 



(F.l) 



(A 2 /2- 7 + gV, (F.2) 
(A 2 /2 - 7 - e 2 )p\ (F.3) 



(F.4) 
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The Weyl tensor of (1F.1I) is built of (1F.6|) according to (15.121) thus having a chance 
to be described by (I5.3p - (I5.5I) with some Killing vector V 1 . Let us show that this is 
not the case for any real V 1 . 



Assuming, that Plebanski-Demianski metric can be described by BHUS we use its 
Maxwell tensor (1F.6I) to express corresponding Killing vector V 1 via (14. 19j) in two 
different ways 

(a) V 1 = ^h^F^dfg, (F.7) 

(b) V^-i-h^F^d^g. (F.8) 

2fcr 

By construction, in the Carter-Plebanski case these two formulae give the same result 
with real V 1 . For (IF. 61) this is not the case and we obtain two complex-conjugated 
Killing vectors 

V( a) = {l,-i,0,0}, Vj ) = {l,i,0,0}. (F.9) 

Thus, Plebanski-Demianski metric (IF. 1[) is governed by a complex Killing vector or, 
equivalently, two real ones. Its unfolded system requires some modification to include 
complex Killing vector and will be considered elsewhere. 
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